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THEOREM 4.3. ([D3]) Let M be a weakly pseudo-convex n-dimensional manifold and
let f: M—C be a holomorphic function such that Of #0 on {z:f(2)=0}. Consider two
smooth functions ¢ and o on M such that

V108530 and \/—_18590>é\/—_165g,

and such that |f|2:=|f|*e2<e™, where a1 is a constant. Then, given an (n—1)-form
v on My:={z:f(2)=0}, there is an n-form I' on M satisfying the following properties:

(a) T, =yAdf;
(b) we have

T[?e~0% 9
oy <Con) [ [P,
/M |f121og” |f 2 M;

where Cy(n) is a numerical constant depending only on the dimension.



Let X be a projective manifold and let Y C X be a non-singular hypersurface. We

assume that there exists a metric hy on the line bundle Ox(Y) associated with Y,
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denoted by hy=e~¥¥ with respect to any local trivialization, satisfying the following
conditions:

(i) If we denote by s the tautological section associated with Y, then

2% L7, (19)

|s

where av>1 is a real number.
(ii) There are two semi-positively curved Hermitian Q-line bundles, say (G1,e”%%1)
and (Go, e ¥%2), such that
PY =96, — 96, (20)
(cf. (17) above).
Let F—X be a line bundle, endowed with a metric hp such that the following

curvature requirements are satisfied:
On(F)>0 and ©,(F)> 01, (¥). (21)
Moreover, we assume the existence of real numbers §p>0 and C' such that
or < dopc, +C; (22)

that is to say, the poles of the metric which has the “wrong” sign in the decomposition
(20) are part of the singularities of hp. Since ¢¢, is locally bounded from above, we may
always assume that dp<1.

We denote by hy =e~%¥ a non-singular metric on the line bundle corresponding
to Y. We have the following result.

THEOREM 4.1. Let u be a section of the line bundle Oy (Ky +F|y) such that
/ [u?e=%F < o0 (23)
Y

and such that the hypotheses (19)—(22) are satisfied. Then there exists a section U of the
line bundle Ox(Kx+Y +F) with Uly =uAds such that for every 6€(0,1] we have

/x |U|2€—6apy—(l—é)v?y—w~ < C‘s/y |u‘2ﬂ—¥’r’ (24)
where the constant Cs is given explicitly by
_ 1-5
Cs =Co(n)d_z(m)?x]s|ze_"°") (25)

for some numerical constant Cy(n) depending only on the dimension (but not on dy or

C in (22)).
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THEOREM 5.3. Let {S,Y;}; be smooth hypersurfaces of X with normal crossings.
Let 0<b’ <1 be rational numbers and h be a Hermitian metric satisfying the following
properties:

(1) We have Kx+S+32,VY;=3", /W, where v7 are positive rational numbers,
and {W;};C{S,Y}};.

(2) There ezist a positive integer mq such that mo(Kx+S+3_; bY;) is a Cartier
divisor, and a non-identically zero section u of Os(mo(Ks+3_; VYjls))-

(3) h is a non-singular metric on the Q-line bundle Kx+S+3_; bY;, and there
exists a sequence {Tmy }m>1C LY (X) such that

) ~ 1
O (KX+S+Z bJYj> +V=1007 > ——w
. m
as currents on X, the restriction Tp|s is well defined and we have

Tm|s 2@1% |u|2/™o, (39)

where C'(m) is a constant, which is allowed to depend on m.

In my holadim, T wse m '?‘7" Mo

k. for M
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Then there exists a constant C'<0 independent of m and a sequence of functions
{fm}tm>1CLY(X) satisfying the following properties:

(i) We have supy fn, =0, and moreover
. - 1
Oy <KX +S+Z b7Yj> +V=100fm =2 ——w
r m

as currents on X.

(ii) The restriction fm|s is well defined and we have

fmls = C+log |u|2/m°. (40)
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Theorem 6.3. Let m: X — Z be a projective morphism to a normal affine variety
Z, where (X, A =S+ A+ B) is a purely log terminal pair, S = LA is irreducible,
(X,S) is log smooth, A > 0 is a general ample Q-divisor, B > 0 is a Q-divisor
and (S,Q + A|g) is canonical, where Q@ = (A — S)|s. Assume that the stable base
locus of Kx + A does not contain S. Let F = lim Fyy, where, for any positive and
sufficiently divisible integer m, we let

F,, = Fix(|/m(Kx + A)|s)/m.
If € > 0 is any rational number such that e(Kx + A) + A is ample and if ® is any

Q-divisor on S and k > 0 is any integer such that
(1) both kA and k® are Cartier, and
(2) QANF <@ < Q, where A\ =1—¢/k,
then
|k(Ks +Q — ®)| + k® C |k(Kx + A)|s.
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We now turn to the description of the main result of this paper (cf. Theorem 1.7)
which we believe is of independent interest.

Let X be asmooth variety, and let S+ B be a Q-divisor with simple normal crossings,
such that S=|S+B],

Kx+S+BePsef(X) and S¢ N,(Kx+S+B).
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We consider a log-resolution 7: X — X of (X, S+ B), so that we have
Ky +S+B=n"(Kx+5+B)+E,

where S is the proper transform of S. Moreover B and E are effective Q-divisors, the
components of B are disjoint and E is m-exceptional.

Following [HM2] and [P2], if we consider the extension obstruction divisor
E:=Ny(||[Kz+S+Blz)ABlg,

then we have the following result.

THEOREM 1.7. (Extension theorem) Let X be a smooth variety and S+B be a
Q-divisor with simple normal crossings such that

(1) (X,S+B) is plt (i.e. S is a prime divisor with mults(S+B)=1 and [B|=0);

(2) there exists an effective Q-divisor D~gKx+S+B such that

S C Supp(D) C Supp(S+B);

(3) S is not contained in the support of Ny(Kx+S+B) (i.e. for any ample divisor
A and any rational number >0, there is an effective Q-divisor D~gKx+S+B+cA
whose support does not contain S).

Let m be an integer such that m(Kx+S+B) is a Cartier divisor, and let u be a
section of m(Kx+S+B)|s such that

Zn~(u)+mE'|5 >mE,

where we denote by Zr.(u) the zero divisor of the section w*(u). Then u extends to a
section of m(Kx+S+B).
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Lenma 5.5, ([Ti]) Let M be a compact complez manifold and o be a real closed

(L, 1)-form on M. We consider the family of normalized potentials

Pi={feL}(X):supy £ =0 and a+y/~100f 20},

Then there exist constants vy >0 and Cy>0 such that
/ e V< Oy (58)
M

for any f€P. In addition, the numbers i and C'y are uniform with respect to a.
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